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Abstract A one-dimensional disordered particle hopping rate asymmetric exclusion
process (ASEP) with open boundaries and a random sequential dynamics is studied analyt-
ically. Combining the exact results of the steady states in the pure case with a perturbative
mean field-like approach the broken particle-hole symmetry is highlighted and the phase
diagram is studied in the parameter space (α,β), where α and β represent respectively the
injection rate and the extraction rate of particles. The model displays, as in the pure case,
high-density, low-density and maximum-current phases. All critical lines are determined
analytically showing that the high-density low-density first order phase transition occurs at
α �= β. We show that the maximum-current phase extends its stability region as the disor-
der is increased and the usual 1/

√
�-decay of the density profile in this phase is universal.

Assuming that some exact results for the disordered model on a ring hold for a system with
open boundaries, we derive some analytical results for platoon phase transition within the
low-density phase and we give an analytical expression of its corresponding critical injec-
tion rate α∗. As it was observed numerically (Bengrine et al. J. Phys. A: Math. Gen. 32:2527,
1999), we show that the quenched disorder induces a cusp in the current-density relation at
maximum flow in a certain region of parameter space and determine the analytical expres-
sion of its slope. The results of numerical simulations we develop agree with the analytical
ones.

Keywords Disordered asymmetric exclusion model · Steady state · Boundary induced
phase transitions · Platoon phase

1 Introduction

It is well known that a set of equivalent problems including driven diffusion [1–3], 1d tur-
bulence [4], growth of interfaces [5] and directed polymers in a random medium in 1 + 1
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dimension [6] is considered as the same problem described by the noisy Burgers equa-
tion [4]. All those systems exhibit a none equilibrium stationary states and show a wealth
of interesting phenomena that don’t occur in thermal equilibrium. The standard asymmetric
exclusion process (ASEP) [1–3, 7] is relevant to a variety of phenomena in physics [1–3]. It
is the one which describes a driven lattice gas with hard core exclusion. Under suitable scal-
ing the evolution of its macroscopic density is governed by a noisy Burgers equation, which
is equivalent to the KPZ equation [8], in 1d. The ASEP with open boundary conditions is re-
lated to growth models with a defect or inhomogeneity [9, 10] that introduces various types
of phase transitions such as boundary induced phase transitions [11]. On the other hand it
has a natural interpretation as a simplistic description of traffic flow on a single-lane high
way and indeed forms the basis for more sophisticated traffic flow models [12–16].

The ASEP describes systems of interacting particles with hard core exclusion for double
occupancy and with hopping rates differing for different directions. The bulk dynamics may
be deterministic or stochastic. Open systems are coupled to reservoirs at both ends through
stochastic boundaries. New methods for obtaining exact solutions for open 1d ASEP sys-
tems have been derived for random-sequential update [17] and were solved exactly for any
values of injecting and extracting rates at the boundaries [18]. At the same time a very el-
egant solution using a matrix product ansatz for the weights of the stationary states [19]
was given. Therefore one can calculate bulk properties, phase diagrams, density profiles
of boundary layers and interfaces between coexisting bulk phases as well as correlation
functions. A domain wall (shock) approach was given [20] to understand quantitatively the
system dynamics, stationary states, the nature and the location of phase transitions. The
collective velocity and the domain wall velocity are the crucial ingredients of this picture.

The different ways of updating sites are an essential part of the model. They affect the
structure of phase diagram as well as the correlation function. The dynamics of updating
may be applied in a random sequential order, parallel, i.e. fully synchronous for all sites
or with sublattice parallel updating. For a detailed analytic results for ASEP we refer the
reader to Refs. [21, 22] and references therein. The correlations are weakest for the random
sequential updating, intermediate for ordered sequential and sublattice parallel updating and
strongest for parallel updating. As a matter of fact, wealth of interesting exact results were
obtained for random sequential and sublattice parallel dynamics, the fully parallel updating
offers some difficulties.

As far as a great deal of results are known about the ASEP with a deterministic
jumps rates, a little is known analytically about systems with quenched disorder jump
rates [23, 24]. The random sequential version of the disordered model on a ring has been
studied [25, 26]. It was shown that a transition occurs between inhomogeneous phase of
low-density (jammed phase), where a traffic jam forms behind the slowest particle, and a
high density congested phase (laminar phase), where all particles have to move more slowly
than there preferred speed. It was shown that this transition persists in both dynamics par-
allel and ordered sequential updating and it is analogous to Bose condensation [27]. The
disordered ASEP with open boundaries has been studied using numerical simulations [28].
A hopping parameter �t was introduced to interpolate between fully parallel (�t = 1) and
random sequential (�t → 0) dynamics. It was found that the phase diagram is similar to
that obtained in the pure case a part the shift of the first order transition line describing the
coexistence of the low and high-density phases. The numerical results in the maximum cur-
rent phase are consistent with a power law-decay 1/

√
� of the density profile as in the pure

case.
In this paper we present an analytical study of a disordered ASEP with open boundary

conditions. Particles jump in each time step to the right to vacant nearest neighbor sites with
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a probability pμ associated with particle μ. The probability of injected (extracted) particles
at the right (left) boundary is α(β). The model is defined in Sect. 2 and studied analytically
after developing the equation of the steady state probabilities [17] of a system of length N

for a random sequential updating. Using a mean field-like approach we give an analytical
solution for arbitrary α and β . The disorder doesn’t affect dramatically the topology of the
phase diagram. We show in Sect. 3 that the phase diagram exhibits three different regions:
the low-density and high-density phases, which split into two regions characterized by dif-
ferent behavior of the density profile, and the maximum-current phase. The density profile
in the various phases and the critical lines are obtained analytically and studied in Sect. 4.
Thus, an analytical expression of the shift induced by the broken particle-hole symmetry
of the first order critical line between low and high density phases is obtained. The platoon
phase transition is studied in Sect. 5 where we discuss in detail the phase diagram and de-
rive analytical expressions for bulk densities in low and high density phases. According to
a power law distribution of particle hopping probabilities pμ, we establish the analytical
expression of the critical injection rate α∗ that corresponds to the platoon phase transition.
We show that for the maximum current density, the current at this transition has gotten a
negative slope whose analytical expression is calculated. To support our analytical results
numerical simulations were performed in Sect. 6. Our conclusion is given in Sect. 7.

2 Model and Method

We consider a one-dimensional lattice of N sites. Each site i, 1 ≤ i ≤ N , is either occu-
pied by one particle or is empty. A configuration of the system is characterized by binary
variables τi , where τi = 0 (τi = 1) if site i is empty (full). A quenched random rate pμ is
associated with each particle μ. The dynamics of the system is governed by the following
rule: at each time step t → t + 1 one chooses at random an integer 0 ≤ i ≤ N with a proba-
bility 1/(N +1), then the particle μ on site i hops to site (i +1) if it is empty with a random
probability pμ such that:

τi(t + 1) = 1 with probability pμτi(t)τi+1(t) + (1 − pμ)τi(t)

τi+1(t + 1) = 1 with probability τi+1(t) + pμ(1 − τi+1(t))τi(t)
(1)

At the left boundary the site 1 remains occupied at time t + 1 if it was occupied at time t ,
and it gets occupied with probability α if it was empty at time t . Therefore:

τ1(t + 1) = 1 with probability τ1(t) + α(1 − τ1(t))

τ1(t + 1) = 0 with probability (1 − α)(1 − τ1(t))
(2)

Similarly, the site N remains empty at time t + 1 if it was empty at time t , and it gets empty
with probability β if it was occupied at time t . So:

τN(t + 1) = 1 with probability (1 − β)τN(t))

τN(t + 1) = 0 with probability 1 − (1 − β)(1 − τN(t))
(3)

The steady state defined from the stochastic dynamics (1)–(3) is given in terms of the prob-
abilities PN({τi}, {pμ}) of finding the specific configuration of particles represented by the
set of the occupation numbers {τi} and jumping rate probabilities {pμ} on the chain with N
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sites. Thus, following the dynamics rule described above it is easy to show that the proba-
bility PN({τi}, {pμ}) satisfies the relation:

PN({τi}, {pμ}) = 1 − α

N + 1
PN({τi}, {pμ}) + α

N + 1
τ1[PN(0, {τi �=1}, {pμ})

+ PN(1, {τi �=1}, {pμ})] + 1

N + 1
[PN({τi}, {pμ})

+ pλ(τ2 − τ1)PN(1,0, {τi �=1,2}, {pμ})] + · · · + 1

N + 1
[PN({τi}, {pμ})

+ pν(τN − τN−1)PN({τi �=(N−1),N },1,0, {pμ})] + 1 − β

N + 1
PN({τi}, {pμ})

+ β

N + 1
(1 − τN)[PN({τi �=N },0, {pμ}) + PN({τi �=N },1, {pμ})] (4)

which can be written as:

α(2τ1 − 1)PN(0, {τi �=1}, {pμ}) + (τ2 − τ1)pλPN(1,0, {τi �=1,2}, {pμ}) + · · ·
+ (τN − τN−1)pνPN({τi �=(N−1),N },1,0, {pμ}) + β(1 − 2τN)PN({τi �=N },1, {pμ}) = 0 (5)

where pλ and pν are the hopping rate probabilities of particles λ and ν located respectively
at site i = 1 and site i = N − 1.

It turns out to be more convenient to write the recursion relation with unnormalized
probabilities fN({τi}, {pμ}) related to PN({τi}, {pμ}) by:

PN({τi}, {pμ}) = fN({τi}, {pμ})
ZN({pμ}) (6)

where

ZN({pμ}) =
∑

{τi=0,1}
fN({τi}, {pμ})

In contrast to the pure case, i.e. pμ = p, we are not able to find any recursion relation
for fN({τi}, {pμ}) which allows to calculate exactly the average of any physical quantity
as the occupation number, 〈τi〉. But, we will use a perturbative development based on a
mean field-like approach to determine analytically such quantities. Indeed, if we consider
the unnormalized probability fN({τi},pm) for the pure case, where pm is the averaged value
of pμ according to a common distribution ϕ(p) with a support on the interval [c,1], we may
write:

PN({τi}, {pμ}) = eH 0
N eVN

ZN({pμ})
where HN = ln(fN({τi}, {pμ})), H 0

N = ln(fN({τi},pm)) and VN = HN − H 0
N . Using a per-

turbative development of the potential VN that we assume to be weak for jumping rate prob-
abilities pμ, we can determine the average occupation number 〈τi〉 as follow:

〈τi〉 =
∑

{τi=0,1} τie
H 0

N eVN

∑
{τi=0,1} e

H 0
N eVN
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By introducing the partition function ZN(pm) for the pure case, the above equation can be
written as:

〈τi〉 = 〈τie
VN 〉0

〈eVN 〉0

where the symbol 〈.〉0 indicates that the average is made using the unnormalized probability
fN({τi},pm).

Finally, using a perturbative development of the eVN we obtain

〈τi〉N = (1 − 〈VN 〉0)(〈τi〉0 + 〈τiVN 〉0)

Knowing that for any real function f (x1, x2, . . . , xn) we may write, using the differential
operator ∂xi

:

f (λ1, λ2, . . . , λn) = e
∑n

i=1 λi∂xi f (x1, x2, . . . , xn)/{xi }=0

where λ1, λ2, . . . , λn are real values, the potential VN({τi}, {pμ}) = ln(
fN ({τi },{pμ})
fN ({τi },pm)

) is devel-
oped as follow:

VN({τi}, {pμ}) = e
∑N

i=1 τi ∂xi VN({xi}, {pμ})/{xi=0}

=
N∏

i=1

eτi∂xi VN({xi}, {pμ})/{xi=0} (7)

Since τi = 0,1 the identity eλτi = 1 + τi(e
λ − 1) may be introduced in (7) to obtain:

VN({τi}, {pμ}) =
N∏

i=1

[1 + τi(e
∂xi − 1)]VN({xi}, {pμ})/{xi=0}

=
[

1 +
∑

i

τi(e
∂xi − 1) +

∑

i,j

τiτj (e
∂xi − 1)(e

∂xj − 1) + · · ·
]

× VN({xi}, {pμ})/{xi=0} (8)

In order to evaluate the average 〈VN({τi}, {pμ})〉0 we use the decoupling approximation
〈τiτj τk · · · τl〉0 	 〈τi〉0〈τj 〉0〈τk〉0 · · · 〈τl〉0 and neglect the higher order of the development,
i.e. (〈τi〉0)m 
 1 for m > 1. Then, if we restrict ourselves to the first order we get from (8)

〈VN({τi}, {pμ})〉0 = VN(0, {pμ}) +
∑

i

〈τi(e
∂xi − 1)VN({xi}, {pμ})/{xi=0}〉0

and then the average of the occupation number is given by:

〈τi〉N = 〈τi〉0
N

[
1 − VN(0, {pμ}) −

∑

i

〈τi〉0
N(e∂xi − 1)VN({xi}, {pμ})/{xi=0}

]
(9)
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3 The Density Profile of the System

In order to study the density profile of the system we compute from the recursion relation (6)
the average occupation number 〈τi〉N such that:

〈τi〉N =
(

TN,i({pμ})
ZN({pμ})

)
(10)

where

TN,i({pμ}) =
∑

{τi }=0,1

τifN(τ1, τ2, . . . , τN , {pμ}) (11)

The symbol 〈.〉 denotes the average over the configurations (τ1, τ2, . . . , τN) while the bar
indicates the average on the quenched disorder. In order to analyze the density profile of
the system, we will study its discrete derivative defined in Ref. [18]. It is given for a set of
values pμ by:

t�N ({pμ}) = TN,�+1({pμ}) − TN,�({pμ})
ZN({pμ}) (12)

This quantity can be developed using (10) and the perturbative development of (9):

t�N ({pμ}) = t�N (pm)

[
1 − VN(0, {pμ}) +

N∑

i=1

〈τi〉0
N(e∂xi − 1)VN({xi}, {pμ})/{xi=0}

]

where t�N (pm) is the derivative of the density profile in the pure case for the averaged value
pμ = pm. From the expression of the potential VN(0, {pμ}) we obtain

1 − VN(0, {pμ}) = fN(0,pm)

fN(0, {pμ})
and

(e∂xi − 1)VN({xi}, {pμ}) = fN(0,pm)

fN(0, {pμ})
∂

∂xi

(
fN({xi},pm)

fN({xi}, {pμ})
)

{xi=0}

Finally we get the expression of t�N ({pμ}):

t�N ({pμ}) = t�N (pm)
fN(0,pm)

fN(0, {pμ})

[
1 −

N∑

i=1

〈τi〉0
N

∂

∂xi

(
fN({xi},pm)

fN({xi}, {pμ})
)

{xi=0}

]
(13)

In order to analyze the density profile of the system we will study the average value of its
discrete derivative t lN ({pμ}) obtained in (13). However, to give the explicit form of t�N ({pμ})
we have to determine the ones of 〈τi〉0

N , t�N (pm) and the ratio fN(0,pm)/fN(0, {pμ}) of un-
normalized probabilities. The discrete derivative t�N (pm) is obtained from (12) since we may
calculate the exact expression of ZN(pm) and T �

N(pm) in the same manner as in Ref. [18].
Thus, we obtain:

t lN (pm) = Z−1
N (pm)

(
1 − α

pm

− β

pm

)
(βpm)lGN−l

N−l,N−l (β/pm)(αpm)N−lGl
l,l(α/pm)
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It can be written more conveniently by using a simple rescaling α → α/pm and β → β/pm

as:

t�N (pm) = Z̃−1
N (pm)F�(α/pm)FN−�(β/pm) (14)

with

FN(x) = x−N−1GN
N,N(x) (15)

and

Z̃N(pm) = ZN(pm)

p2N
m (1 − α/pm − β/pm)(β/pm)N+1(α/pm)N+1

(16)

Z̃N(pm) can be given explicitly from the function FN(x):

Z̃N (pm) =
⎧
⎨

⎩

FN (β/pm)−FN (α/pm)

(α/pm)(1−α/pm)−(β/pm)(1−β/pm)
for α �= β, (pm − β)

−F ′(β/pm)

1−2β/pm
for α = β �= pm/2

(17)

where F ′(x) is the derivative with x. For the definition of the functions GM
N,K(x) we refer

the reader to Ref. [18].
On the other hand, the recursion relation of fN({τi},pm) solution of (5) can be con-

structed by the same way as in Ref. [17]. We obtain:

fN(τ1, τ2, . . . , τN ,pm)

= αpmτNfN−1(τ1, τ2, . . . , τN ,pm)

+ βpm(1 − τN) · · · (1 − τ1)fN−1(τ1, τ2, . . . , τN ,pm)

+ αβ

N−1∑

k=1

(1 − τN) · · · (1 − τk+1)τk[fN−1(τ1, . . . , τk−1,1, τk+1, . . . , τN ,pm)

+ fN−1(τ1, . . . , τk−1,0, τk+1, . . . , τN ,pm)],
which leads to the unnormalized probability fN(0,pm) = β(βpm)N−1. Although we are not
able to give such recursion relation in the disordered case, we may derive from (4) the
following recursion relations:

fN(0, {pμ}) = βpνfN−1(0, {pμ}) and fN(0, ..,0,1, {pμ}) = αpνfN−1(0, {pμ})
where pν denotes the hopping probability of the particle ν located at site N −1. These recur-
sion relations solve the steady state equation αfN(0, {pμ}) = βfN(0, ..,0,1, {pμ}), obtained
immediately from (4), and easily lead to fN(0, {pμ}) = β

∏N−1
μ=1 βpμ.

Up to the first order of the development in (13), the discrete derivative of the average
occupation is written as:

t lN ({pμ}) ∼ t lN (pm)

N∏

μ=1

(
pm

pμ

)
(18)

By averaging over the disordered jumping rate probabilities it becomes:

t lN (p{μ}) = Z̃−1
N (pm)F d

� (α/pm)F d
N−�(β/pm) (19)
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where

Fd
N(x) =

(
pm

∫ 1

c

ϕ(p)

p
dp

)N

FN(x)

4 Density Profile in the Hydrodynamic Limit and Phase Diagram

The behavior of the density profile is discussed in the hydrodynamic limit N → ∞ at large
distances from both ends, i.e., � � 1 and r = (N − �) � 1. The behavior of the average
quantity t�N ({pμ}) allows us to localize the critical lines and then give the structure of the
phase diagram. Using the asymptotic expression of FN(σ/pm) for large N [18]:

FN(σ/pm) =
⎧
⎨

⎩

1−2σ/pm

[(σ/pm)(1−σ/pm)]N+1 if σ < pm/2

4N√
π(1−2σ/pm)2N3/2 if σ > pm/2

(20)

the shape of the density profile is computed from (14)–(19).
Since the method we use is a mean-field like approximation, it doesn’t give the exact

behavior near critical lines. But, it may be considered as a good approximation far from
them as it is illustrated by the numerical results presented in what follows in Sect. 6 (Fig. 2).
Thus, based on the approached density profile given in (18) we will deduce the shape of the
phase diagram from the divergence of scale lengths defined below.

The high-density phase HD1 is located within the region β < α < pm/2. From the results
obtained above the density profile decays exponentially such that:

t lN ({pμ}) =
(

pm − 2α

pm

)(
1 − β(pm − β)

α(pm − α)

)
e−�/ξ (21)

where the length scale ξ is given by:

ξ−1 = ln

[
β(pm − β)

α(pm − α)
f (c)

]
(22)

with f (c) = pm

∫ 1
c

ϕ(p)

p
dp.

We remark that the length scale ξ−1, which is rather different than the one obtained in the
pure case, has gotten an additional factor that is responsible for the particle-hole symmetry
breaking. The low-density phase LD1 is bounded by the region defined by α < pm/2 and
β < pm/2 with α < β . As for HD1, the derivative of the density profile t�N ({pμ}) may be
obtained from (14)–(19) such that:

t lN ({pμ}) =
(

pm − 2β

pm

)(
1 − α(pm − α)

β(pm − β)

)
e−r/ξ (23)

where r = N − � and the length scale ξ−1 = ln[ α(pm−α)

f (c)β(pm−β)
]. The current for high(low)

density phase HD1(LD1) is given by j = βρbulk(j = α(1 − ρbulk)) where ρbulk = 〈τN 〉.
The coexistence line LD1 ↔ HD1 is determined by the divergence of the length scale ξ

defined in (22). It is given by:

β = pm

2
−

(
p2

m

4
− α(pm − α)

f (c)

)1/2

(24)
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The high-density phase HD2 is located within the region defined by α > pm/2 and β <

pm/2. The behavior of the derivative t�N (p) changes to the form:

t lN ({pμ}) =
(

(pm − α − β)(α − β)√
π(pm − 2α)2

)
�(−3/2)e−�/ξβ (25)

where the length scale ξβ is defined as:

ξ−1
β = ln

[
4
β(pm − β)

p2
m

f (c)

]
(26)

The current and the boundary values of the density are given by the same expressions as in
the high- density phase HD1: 〈τN 〉 = ρbulk and 〈τ1〉 = 1 − β

α
ρbulk . The profile of the low-

density phase LD2(α < pm/2, β > pm/2) may be obtained using the same calculations as
above. The density and the current are the same as in LD1 phase but the density profile is
given by:

t lN ({pμ}) = (pm − β − α)(β − α)√
π(pm − 2β)2

r(−3/2)e−r/ξα (27)

where ξ−
α 1 = ln[4f (c)

α(pm−α)

p2
m

].
The maximum-current phase is located in the region defined by α > pm/2 and β > pm/2.

The derivative t�N (p) depends neither on α nor on β . It takes the same expression as in the
pure case independently of the disorder distribution:

t lN ({pμ}) = − 1

4
√

π

(
1 − �

N

)−3/2

�−3/2 (28)

However, the density approaches its bulk value ρbulk = 1/2 as r−1/2 with the distance
r = � from the origin from above and r = N − � from the boundary from below. The cur-
rent depends on the average of the hopping rate parameter and it takes its maximal value
j ({pμ}) = pm/4. Therefore one obtains the boundary values 〈τN 〉 = pm

4β
and 〈τ1〉 = 1 − pm

4α
.

The phase transition between HD2 and the maximum-current phase MC, which is of
second order, depends on the value of c for a given distribution ϕ(pμ). It occurs when the
length scale ξβ defined in (26) diverges and then is located at the critical value βc:

βc = pm

2
(1 − √

1 − 1/f (c)) (29)

The density profile and the current should be continuous at the critical line.
In order to determine the phase transition between LD1 and LD2 we consider, for low

values of α (α < αc), the transition between HD2 and MC phases on the line β = βc . In
the MC phase the bulk density ρbulk = 1/2 and the way in which it is approached doesn’t
depend on β , whereas in the high density phase HD2, β determines completely ρbulk and
the way the profile decays to it. This is due to the fact that for β > βc , the particles close to
the boundary don’t block each other and are quickly extracted. As a result, any perturbation
corresponding to a change in the extraction rate β doesn’t spread into the system. As this de-
scription of the effect of β increasing beyond βc on the transition from the high density phase
HD2 to MC phase doesn’t depend on the injection rate α at the origin, we conclude that the
transition between low density LD1 and LD2 phases should be located at the same critical
line β = βc . Based on the divergence of the correlation length ξα (27) one can find that the
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critical line LD2 ↔ MC is located at α = αc = βc . It is of second order. The behavior of
the profile at the critical line between high density phases HD1 and HD2 may be determined
using the same arguments as above based on the transition line LD2 ↔ MC. Consequently,
the critical line between high density phases HD1 and HD2 should be at α = αc since the
transition from the low density phase LD2 to MC phase doesn’t depend on the extraction
rate β . Since all critical lines should meet at the critical point (αc, βc) the coexistence line of
LD1 ↔ HD1 described by (24) should give the critical value βc for α = αc . Unfortunately
it is not the case. This discrepancy is due to the fact that our perturbative mean field-like
approach doesn’t give the exact value of the correlation length ξ as high correlations are
neglected. As a consequence, the thermal average and the quenched disorder are, up to the
first order of the development, decoupled (18). We think that if we take into account of cor-
relations we will obtain the exact value of ξ and then the discrepancy will be discarded. But,
it is not obvious to develop any analytical result of the model using our approach without
the decoupling approximation. In order to improve the expression of β that gives the correct
critical line we remark that if we multiply the second term of (24) by 1√

1+1/f (c)
the critical

value β = βc is found for α = αc . We note that by defining a new correlation length:

(ξ
′
)−1 = ln

[
β ′(p′

m − β ′)
α′(p′

m − α′)
f (c)

]

with the transformation β
′ = β − pm

2 (1 − 1√
1+1/f (c)

), α′ = α√
1+1/f (c)

and p′
m = pm√

1+1/f (c)
,

we recover that all lines meet at the critical point (αc, βc). Such correlation length may be
thought as resulting from the coupling of thermal average and quenched disorder since the
new parameters α′ and β ′ depend on the disorder through f (c).

On the other hand, β should vanish for α → 0 while in the limit of the pure case, i.e.
f (c) → 1 we should obtain β = α. Consequently, a perturbative development to higher
order should lead to the following expression of the coexistence critical line LD1 ↔ HD1:

β = κ(α) = pm

2
− 1√

1 + 1/f (c)

(
p2

m

4
− α(pm − α)

f (c)

)1/2

+ pm

2

(
α

αc

− 1

)(
1 − 1√

1 + 1/f (c)

)
(30)

5 Discussion of Results

In this section we will discuss in detail the phase diagram, derive analytical expressions of
bulk densities, ρbulk , in high-density and low density phases and present some analytical
results for platoon transition.

5.1 Phase Diagram and Bulk Densities

The phase diagram (Fig. 1) of the disordered ASEP presents the usual phases namely the
high-density, low-density and maximum-current phases. The high-density phase is split into
two regions. The argument of the logarithm of the length scale ξ in the first region (α < αc ,
β < βc) depends on the distribution of the particle jumping rate through f (c) = pm(1/pμ)

that is responsible for the particle-hole symmetry breaking. When ξ diverges, a phase tran-
sition between high and low density phases occurs at α �= β . The transition line which
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Fig. 1 The fundamental diagram
of the ASEP. The continuous
lines present the analytical result
of the critical lines while
the squares show the numerical
ones for L = 2000, c = 0.5 and
n = 1. The dashed line (stars)
localizes the platoon transition
obtained analytically
(numerically). The dotted lines
delimit the different behaviors of
low and high density regions.
The inset represents an enlarging
of the first critical line LD1-HD1

is of first order is given by (30). Using the perturbative development of the bulk density
ρbulk = 〈τN 〉 we obtain, up to a second order, for high density region:

ρbulk =
(

1 − β

pm

)
g(α,β) (31)

where

g(α,β) =
N∏

μ=1

(
pm

pμ

)
−

N∑

i=1

〈τi〉0
N

N∏

μ=1

(
pm

pμ

)
∂

∂xi

(
fN(xi,pμ)

fN(xi,pm)

)

{xi=0}
Since we can not determine explicitly the expression of the function fN({xi}, {pμ}) we will
give, based on some physical arguments, an approached form of the function g(α,β) after
having shown that it doesn’t depend on the injection rate α.

It was shown [25, 26] that as the probability distribution of the gap (the number of va-
cant sites) in front of the μth particle satisfies the stationary condition one provides pμαμ =
constant = v, where αμ is the probability that the μth particle has a vacant site in front of it
and v is the average velocity of particles. Averaging over the quenched disorder we may ob-
tain an approximated form of the velocity v(ρ) such that v(ρ) = pmαμ = pm(1 − ρ). Thus,
the expression of the current of our disordered model may be written as j = pmρ(1 − ρ).
The local density ρ(x, t) of the driven lattice gas we study satisfies the continuity equation
∂ρ(x,t)

∂t
− ∂j (x,t)

∂x
= 0. Consequently, the collective velocity may be given from the exact non

equilibrium fluctuation dissipation theorem [20]:

V coll = ∂j (ρ)

∂ρ

One finds V coll = pm(1 − 2ρ). It changes sign at ρ = 1/2 where the current takes its
maximal value j = pm/4. In high density regime and for a fixed β , any small perturbation
causes incoming particles to pile up behind the perturbation rather to spread into the bulk.
As a result, the collective velocity of the center of mass of the perturbation is negative
and thereafter the bulk density, ρbulk , is independent on the injection rate α. Consequently,
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g(α,β) ≡ g(β). On the other hand, one should recover the limiting cases namely that for c =
1 (pure case) g(β) → 1 while in the limit β → 0 the bulk density reaches its maximal value
ρbulk = 1. By increasing β for a fixed value of α > αc , ρbulk should decrease going to ρbulk =
1/2 at β = βc where a continuous phase transition to the MC phase occurs. Following these
arguments the explicit expression of the bulk density in high density phase may be given by:

ρbulk =
(

1 − β

pm

)(
1 − β(pm − 2βc)

2βc(pm − β)

)

which may be simply written as:

ρbulk = 1 − β

2βc

(32)

As for the pure case, the domain wall (shock) velocity is derived from the usual continuity
equation:

vsh = j+ − j−
ρ+ − ρ−

(33)

where j±, ρ± are the bulk stationary state values of the current and the density in the left (−)

and the right (+) parts of the domain wall. Since j± = pmρ±(1 − ρ±) we obtain

vsh = pm(1 − ρ+ − ρ−) (34)

The expression of the domain wall velocity vsh changes its functional form depending
on the phase transition lines where it should vanish. The bulk density in the low-density
phase may be obtained by assuming that the domain wall picture [20] remains still valid for
the disordered case. On the one hand, it should depend only on the injection rate α since
any perturbation of the stationary state, for a fixed value of α, doesn’t penetrate in the bulk.
On the other hand, for the low-density/high-density domain wall (0|1) vsh should vanish at
the first order critical line LD1 ↔ HD1. As ρ+ is given by (32), we obtain the bulk density
in the low-density phase ρbulk = κ(α)

2αc
. For the maximum current/high density domain wall

(m|1) we have vsh = pm

2 (
β

βc
− 1), (ρ− = 1/2). It vanishes exactly at β = βc . For the low

density/maximum current domain wall (0|m) the domain wall velocity, vsh = pm

2 ( κ(α)

αc
− 1),

vanishes at α = αc , since κ(αc) = αc .
The shape of the phase diagram doesn’t depend on the distribution of the particle jumping

rate and MC phase gains more space by decreasing c since αc decreases. Indeed, it’s easy
to show that 1 ≤ |f (c)| < pm ln c−1, which implies that f (c) > 1 and then αc → pm

4f (c)
for

c 
 1.
It’s worthwhile to note that the critical point (αc, βc) where the three phases meet should

be located in between c/2 and 1/2, which correspond respectively to the pure case pμ = c

and pμ = 1. For the common distribution

ϕ(p) = n + 1

(1 − c)n+1
(p − c)n (35)

we have αc = (1 + n + c)
(1−√

1−1/f (c))

n+2 , which agrees with the value expected in Ref. [28].
As it was argued numerically [28] the density in the MC phase decays algebraically and the
deviation from its bulk value ρbulk = 1/2 decays asymptotically as δρ� = |〈τ�〉 − ρbulk |=
a�−1/2. It is insensitive to the order of the maximum current. On the other hand, Hager
et al. [29] have conjunctured, using scaling arguments that this power law behavior holds



Analytical Approach to the One-Dimensional Disordered ASEP 121

for any one-dimensional lattice gas model. Based on the height difference correlation func-
tion of the one-dimensional KPZ equation they have shown that the constant a, which was
calculated for n > 1, is proportional to the compressibility. This result is independent on the
shape of the distribution ϕ(p), the dynamics of updating [28, 29], on the symmetry of the
exclusion model [29] and neither on α nor β . It is a universal behavior.

5.2 Platoon Phase

The exact current-density relation in the disordered ASEP can be obtained analytically in
the hydrodynamic limit N → ∞ from an implicit equation for the stationary state particle
velocity v(ρ) [25, 26, 28]:

ρ =
(

1 + v

∫ 1

c

ϕ(p)

p − v
dp

)−1

(36)

This relation holds for densities ρ∗ < ρ < 1 , where ρ∗ is the critical density for the onset
of platoon formation [25, 26, 28]. For ρ < ρ∗ the overall speed will be set by the slowest
particle and then v(ρ) = c while for ρ > ρ∗, v is determined from (36). Consequently, the
value of ρ∗ is found by setting v = c in the rhs of this equation and the current-density
relation becomes:

j (ρ) =
{
ρv(ρ) if ρ > ρ∗
ρc if ρ < ρ∗ (37)

Since in the low-density phase we have ρbulk = κ(α)/2αc the critical value α∗ for the platoon
transition (the dashed line in Fig. 1) is given by:

2αc

κ(α∗)
=

∫ 1

c

p

p − c
ϕ(p)dp (38)

Consequently, the critical line separating the inhomogeneous phase (ρ < ρ∗) from the con-
gested phase (ρ > ρ∗) is independent of β as it was shown numerically [28]. It depends only
on the choice of the jumping rate probability distribution ϕ(p). According to the common
distribution (35) we obtain

κ(α∗) = n(1 − c)

(n + c)
pm(1 − √

1 − 1/f (c)),

in agreement with the expression obtained in Ref. [28] since ρ∗ = κ(α∗)

2α∗ = n(1−c)

(n+c)
.

It was shown that the platoon phase transition is of second order, in the sense of Refs. [25,
26], for 0 < n ≤ 1. In this regime the velocity v(ρ) is continuous at ρ = ρ∗ while it is dis-
continuous for n > 1. The current-density relation (37) leads to a shape with a quadratic
maximum at ρmax > ρ∗, as it was shown in Ref. [28]. For n > 1 the platoon transition be-
comes of first order and it is possible to give, within our approach, the value of c under
which ρmax = ρ∗. As we have ρmax = 1/2 we get for n > 1, c = n

1+2n
.

From the expressions of the bulk density and the current given above, the derivative of
j ({pμ}) with ρ is calculated at the platoon transition. We obtain for ρ∗ = ρmax,

(
∂j

∂ρ

)

ρmax=ρ∗
=

⎧
⎨

⎩

c if ρ < ρ∗ = ρmax

c − 1
ϑ(c)

if ρ > ρ∗ = ρmax

(39)

where ϑ(c) = ρmax

∫ 1
c

p

(p−c)2 ϕ(p)dp.
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According to the distribution (35) one obtain ϑ(c) = (n+1)(n−1+c)

2n(n−1)(1−c)2 . It’s easy to see that
within the region for which ρ∗ = ρmax one has 1/ϑ(c) > c. Thus, the current presents a
negative local slope for ρ > ρ∗ = ρmax. Consequently, the disorder induces a cusp at the
maximum of j (ρ) at the first order platoon transition. This result was observed in a previous
numerical study [28].

6 Numerical Simulations

In order to support our analytical approach we have performed numerical simulations of the
disordered ASEP on a lattice of sizes L = 2000 − 5 × 104 and random initial distribution of
particles. Once the system reaches the stationary state we compute the average 〈Q〉 of any
physical quantity Q(t) over 4 × 105 − 108 time steps. We note that, in contrast to the case

(a)

(b)

Fig. 2 The variation of the bulk density vs β and α respectively in (a) high density and (b) low density
regions for c = 0.75 and n = 1. � presents the analytical expression and + denotes the numerical simulation
result for L = 2000
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of ring, a separate disorder average is not necessary in the case of open boundaries since
new particles are constantly injected into the system. In what follows we will just give some
numerical results that we compare with the analytical ones, namely the phase diagram, the
density profile in the high density and MC phases and the platoon transition.

The phase diagram (Fig. 1) is determined by computing the bulk density ρbulk for dif-
ferent values of α and β . For a fixed value of α < αc , where αc is the critical value which
separates the two high density regions HD1 and HD2, ρbulk decreases when increasing β

until a critical value βcr(α) where a first-order transition characterized by a discontinuity
of ρbulk brings the system into the low-density phase where the density becomes indepen-
dent of β . The first-order transition high density-low density phase occurs at a critical line
βcr(α) �= α. This is an effect of the disorder induced in the model which breaks the particle-
hole symmetry. We note that the critical line obtained analytically is in good agreement with
the numerical results. For α > αc the system exhibits, at a critical value βc, a second-order
phase transition to the MC phase where the bulk density and the current are independent of
α and β . The numerical and analytical values of βc are in good agreement. For a fixed value
of β > βc the bulk density increases when increasing α until the critical value αc , where we
find the MC phase. In order to check the validity of the analytical expressions of the density
in the high density (32) and low density phases we have shown in Fig. 2 the variation of
ρbulk in high (low) density with the extraction (injection) rate β(α). We may consider that
the analytical forms present a good fit of the numerical values especially for high values
of c.

The regions of the high density phase and low density phase exhibit different density
profiles. In Fig. 3 we restricted ourself to present the density profiles of HD1 and HD2

phases. They present different behaviors far from the bulk from below as we have shown
using our analytical approach.

The density profile in the MC phase decays, within the mean field theory [11, 30], as
ρ(x) ∼ x1/(m−1), where m is an exponent that describes the behavior of J (ρ)−J (ρmax) near
the maximal density ρmax. The deterministic limit pμ = 1 of the totally ASEP, within a fully
parallel dynamics, for which m = 1 is the only exactly solved case and it is found [31] that
the MC phase disappears altogether. In the disordered ASEP the current-density relation
depends on the choice of the distribution and the dynamics of updating. But, it seems that

Fig. 3 The density profile of HD1 (α = 0.2, β = 0.1) and HD2 (α = 0.6, β = 0.1) phases
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Fig. 4 A Log–Log plot of the density profile in the MC phase for L = 2000, n = 1, c = 0.5, α = 0.7 and
β = 0.9. The straight line indicates the 1/

√
�-decay obtained analytically

the density profile is not [28, 29]. In Fig. 4 we have presented the density profile in the MC
phase for the random sequential updating. The data are consistent with a 1/

√
�-decay as we

have shown analytically and they don’t depend neither on n nor c.
In order to check the validity of our mean field-like theory and emphasize the analytical

results obtained using this approach, we have shown in Fig. 5 the variation of the critical
value α∗ of the platoon transition according to n and c. It can be located by monitoring the
variance of the headways [25, 26, 28]

�2 = 〈u2
μ〉μ − 〈uμ〉2

μ (40)

where 〈.〉μ means the average over all the values of the gap uμ = xμ+1 − xμ − 1 (xμ is the
position of the particle μ), as function of the injection rate α, i.e. ρ, and system size. For
α > α∗(ρ > ρ∗), �2 is independent of system size, while for α < α∗ (ρ < ρ∗) it is dominated
by the macroscopic gaps and acquires an L-dependence.

In order to determine the value of α∗, we compute the headway �2 for two system sizes
namely L = 2000 and L = 500. The data for the two system sizes coincide for α > α∗ but
differ for α < α∗. Since we restricted ourselves to high values of c, i.e. c ≥ 1/2, we remark,
that the numerical data and the analytical expressions are in good agreement. The slight
difference they may present for low values of c results from the fact that for such values the
system presents high correlations which are neglected in our analytical approach.

7 Conclusion

The effect of particle wise disorder on the phase diagram of the ASEP with open bound-
aries is studied analytically for a random sequential dynamics. The steady state has been
established and its properties as the density profile the current and the bulk density were
solved using the exact results of the pure case combined with a mean field-like approach.
The shape of the phase diagram was found to be universal. It doesn’t depend on the form
of the distribution probability of particle jumping rate ϕ(p). The critical line of the phase
transition between the high-density phase and the low-density phase, which is of first or-
der for any disorder distribution, was determined analytically. Because of the particle-hole
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(a)

(b)

Fig. 5 The variation of α∗ vs. (a) n (c = 0.5) and (b) c (n = 1). � present the analytical result while +
denotes the numerical data. The smooth curve represents the fit of the analytical results

symmetry breaking, we have shown that this critical line is located at β = κ(α) �= α and its
explicit form was given within our mean field-like approach. The phase transition between
the high(low)-density phase and the maximum-current phase, which is of second order, is
located at a critical value βc(αc = βc). We have shown, within our analytical approach that
the value of αc depends only on the particle jumping rate distribution probability. Based on
the fact that the transition between the maximal current phase and the high density phase
(low density phase) doesn’t depend on the injection (extraction) rate α(β), we have deduced
that the system exhibits a phase transition between high (low)-density phases HD1 (LD1)
and HD2 (LD2) at the same critical value α = αc . The effect of the disorder doesn’t change
the nature of those critical lines. They remain of second order and they all meet at the critical
point (αc, βc = αc) that depends only on ϕ(p). As it was shown in a previous work [30], we
have highlighted the universal behavior of the density profile in the maximum-current phase
namely that the density of the system reaches its bulk value ρbulk = 1/2 as �−1/2 indepen-
dently on the distribution ϕ(p) neither on α nor β .
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Assuming that the analytical results obtained for the platoon phase transition occurring
in the low-density phase for systems with periodic boundary conditions hold for systems
with open boundaries [28], we have calculated the value of the injection rate α∗ at which
the platoon phase transition occurs and we have shown that for a particular choice of the
disorder distribution ϕ(p) (35) the transition is of first order for all values c < n

2n+1 . Using
the exact current-density relation (37) we have shown that the disorder induces a cusp at
maximum flow in a certain region of parameter space as it was found numerically [28].
From our approach we were able to establish the analytical expression of the variation of
the slope at maximal current.

To check the validity of our analytical results obtained within our mean field-like theory,
numerical simulations have been performed on a lattice of linear size. They show that the
obtained results concerning the phase diagram and different quantities that are of interest
are in good agreement with the analytical expressions.

We think that some results obtained for a disordered model within a random sequential
dynamics hold for the ordered sequential dynamics and the parallel dynamics. This point
may be clarified in a future work.

Acknowledgements The author would thank Joachim Krug for his interest in this work and for his critical
reading the paper. The most part of this work, which is supported by PROTARSIII grant No D12/22, has
been achieved during my visit within the association scheme at the Abdus-Salam International Center for
Theoretical Physics (AS-ICTP). I acknowledge the financial support of the PROTARSIII and the UNESCO
and the hospitality of the AS-ICTP.

References

1. Van Beijeren, H., Kutner, R., Spohn, H.: Excess noise for driven diffusive systems. Phys. Rev. Lett. 45,
2026 (1985)

2. Schmittman, B., Zia, R.K.P.: Statistical Mechanics of Driven Diffusive Systems. Domb and Lebowitz,
Ser. 17. Academic, London (1995)

3. Spohn, H.: Large Scale Dynamics of Interacting Particles. Springer, New York (1991)
4. Burgers, J.M.: The Non Linear Diffusion Equation. Riedel, Boston (1974)
5. Meakin, P., Ramanlal, P., Sander, L., Ball, R.C.: Ballistic deposition on surfaces. Phys. Rev. A 34, 5091

(1986)
6. Kardar, M., Zhang, Y.-C.: Scaling directed polymers in random media. Phys. Rev. Lett. 58, 2087 (1987)
7. Liggett, T.M.: Interacting Particle Systems. Springer, New York (1991)
8. Kardar, M., Parisi, G., Zhang, Y.-C.: Dynamic scaling of growing interfaces. Phys. Rev. Lett. 56, 889

(1986)
9. Wolf, D.E., Tang, H.L.: Inhomogeneous growth process. Phys. Rev. Lett. 65, 1591 (1990)

10. Kandel, D., Mukamel, D.: Defects, interface profile and phase transitions in growth models. Europhys.
Lett. 65, 325 (1992)

11. Krug, J.: Boundary-induced phase transitions in driven diffusive systems. Phys. Rev. Lett. 67, 1889
(1991)

12. Nagel, K., Schreckenberg, M.: A cellular automaton model for freeway traffic. Physique 12, 2221 (1992)
13. Schreckenberg, M., Schadschneider, A., Nagel, K., Ito, N.: Discrete stochastic models for traffic flow.

Phys. Rev. E 51, 2939 (1995)
14. Nagatani, T.: Bunching of cars in asymmetric exclusion models for free way traffic. Phys. Rev. E 51, 922

(1995)
15. Nagatani, T.: Self-organized criticality in 1D traffic flow model with parallel and ordered sequential

dynamics. J. Phys. A: Math. Gen. 28, L119 (1995)
16. Migowsky, S., Wanschura, T., Rujan, P.: Competition and cooperation on a toy autobahn model. Z. Phys.

B 95, 407 (1994)
17. Derrida, B., Domany, E., Mukamel, D.: An exact solution of a one-dimensional asymmetric exclusion

model with open boundaries. J. Stat. Phys. 69, 667 (1992)
18. Schütz, G., Domany, E.: Phase transitions in an exactly solvable one-dimensional exclusion process.

J. Stat. Phys. 72, 277 (1993)



Analytical Approach to the One-Dimensional Disordered ASEP 127

19. Derrida, B., Evans, M.R., Hakim, V., Pasquier, V.: Exact solution of 1d asymmetric exclusion model
using a matrix formulation. J. Phys. A: Math. Gen. 26, 1493 (1993)

20. Kolomeisky, A.B., Schütz, G.M., Kolomeisky, E.B., Straley, J.P.: Phase diagram of one-dimensional
driven lattice gases with open boundaries. J. Phys. A: Math. Gen. 31, 6911 (1998)

21. Rajewsky, N., Santen, L., Schadschneider, A., Schreckenberg, M.: The asymmetric exclusion process:
comparison of update procedures. J. Stat. Phys. 92, 151 (1998)

22. Tilstra, L.G., Ernst, M.H.: Synchronous asymmetric exclusion process. J. Phys. A: Math. Gen. 31, 5033
(1998)

23. Barma, M.: Driven diffusive systems with disorder. Physica A 372, 22 (2006)
24. Tripathy, G., Barma, M.: Driven lattice gases with quenched disorder: exact results and different macro-

scopic regimes. Phys. Rev. E 58, 1911 (1998)
25. Krug, J., Ferrari, P.A.: Phase transitions in driven diffusive systems with random rates. J. Phys. A: Math.

Gen. 29, L465 (1996)
26. Evans, M.R.: Bose-Einstein condensation in disordered exclusion models and relation to traffic flow.

Europhys. Lett. 36, 13 (1996)
27. Evans, M.R.: Exact steady states of disordered hopping particle models with parallel and ordered se-

quential dynamics. J. Phys. A: Math. Gen. 30, 5669 (1997)
28. Bengrine, M., Benyoussef, A., Ez-Zahraouy, H., Krug, J., Loulidi, M., Mhirech, F.: A simulation study

of an asymmetric exclusion model with open boundaries and random rates. J. Phys. A: Math. Gen. 32,
2527 (1999)

29. Hager, J.S., Krug, J., Popkov, V., Schütz, G.M.: Minimal current phase and universal boundary layers in
driven diffusive systems. Phys. Rev. E 63, 056110 (2001)

30. Krug, J.: In: Riste, T., Sherrington, D. (eds.) Spontaneous Formation of Space-time Structures and Criti-
cality, p. 37. Kluwer, Dordrecht (1991)

31. Tilstra, L.G., Ernst, M.H.: Synchronous asymmetric exclusion processes. J. Phys. A: Math. Gen. 31,
5033 (1998)


	Analytical Approach to the One-Dimensional Disordered Exclusion Process with Open Boundaries and Random Sequential Dynamics
	Abstract
	Introduction
	Model and Method
	The Density Profile of the System
	Density Profile in the Hydrodynamic Limit and Phase Diagram
	Discussion of Results
	Phase Diagram and Bulk Densities
	Platoon Phase

	Numerical Simulations
	Conclusion
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


